Abstract-In practice the quantity received may not match the quantity ordered due to various reasons such as rejection during inspection, human errors in counting, damage or breakage during transportation and worker's strike, etc. Under this background, we investigate a continuous review inventory model with shortage including the case where the quantity received is uncertain, in which the lead time, safety factor, lost sales rates and order processing cost are decision in variables. The objective of this paper is to minimize the total relevant cost by simultaneously optimizing the order quantity, safety factor, lost sales rates and order processing cost. Two models are developed based on the probability distribution of lead time demand following a normal distribution and distribution free respectively. From the results of numerical example, it can be shown that, the significant savings can be achieved through the reductions of order processing cost, safety factor and lost sales rate.
I. INTRODUCTION
Traditional inventory models assumed that lead time is a constant or random variable which is not a controllable factor. In fact, lead time could be shortened by paying an additional crashing cost, which could be expenditures on equipment improvement, information technology, order expedite, or special shipping and handling. By reducing lead time, one can decrease the stock out loss as improving the customer's satisfaction level. Thus, controllable lead time is a key to business achievement and it has attracted considerable research attention in present supply chain and inventory management system. As the same lead time, it is very important to improve the customer's satisfaction level.
Liao and Shyu [1] first devised a probabilistic inventory model in which lead time was the unique decision variable. Later many researchers developed lead time reduction inventory models under various crashing cost function and practical situations. Hsu and Lee [2] explored a single manufacturer multiple retailer integrated inventory system with the assumption of a non-increasing stair-step lead time crashing cost function. In contrast to existing inventory models, this paper considers two models that the crashing cost is an exponential function of lead time and the demand distribution follows a normal distribution and a distribution free, respectively.
Order processing cost reduction inventory research has received increasing attentions and hot topic in recent years. However, most of the existing inventory model assumed that order processing cost is fixed. In practice, order processing cost can be controlled and reduced through various efforts such as worker training, procedural changes and specialized equipment acquisition. Initially, Porteus [3] first investigated the impact of capital investment in reducing ordering cost on the classical economic order quantity model. Ouyang et al. [4] discussed ordering cost and lead time reductions in continuous review inventory systems with partial backorders. Later, Chang et al. [5] presented lead time and ordering cost reduction problem in the single vendor single buyer integrated inventory model. Jha and Shanker [6] presented an integrated production-inventory model where a vendor produces an item and supplies it to a set of buyers. Yi and Sarker [7] used controllable lead time in a buyer-vendor system. Giri and Roy [8] studied a two-echlon supply chain inventory system with a singal manufacturer and a single buyer, considering price dependent demand and variable lead time. Vijayashree and Uthayakumar [9] considered a single-vendor and a single-buyer integrated inventory model with ordering cost reduction dependent on lead time.They considered that lead time can be shortened at an extra crashing cost which depends on the lead time length to be reduced and the ordering lot size, as well buyer ordering cost can be reduced through further investment.
Recently, Annadurai and Uthayakumar [10] presented and analyzed a probabilistic inventory model under continuous review for the system with controllable lead time and optimal ordering cost caused by investment strategy subject to a service level constraint. Shahpouri et al. [11] assumed that shortages are either completely lost or completely backlogged in several inventory models. Montgomery et al. [12] is among the first who considered that a fraction of demand is back ordered and the remaining fraction is lost. Ouyang et al. [13] generalized Ben-Daya and Raouf's [14] model, where the backorder rate is fixed to a mixture of backorder and lost sales model. Ouyang and Chuang [15] investigated a mixture inventory model involving variable lead time and controllable backorder rate. They observe that many products of famous brands or fashionable goods such as certain brand gum shoes, hi-fi equipment, cosmetics and clothes may lead to a situation in which customers prefer their demands to be backordered when shortages occur. Harada et al. [16] presented an inventory model in which the order quantity, reorder point, and lead time are regarded as decision variables with controllable backorder rate.The stochastic inventory models analyzed in this paper involve two models that are continuous review and periodic review in which the backorder rate is a random variable. Certainly, if the quantity of shortages is accumulated to a degree that exceeds the waiting patience of customers, some customers may refuse the backorder case. This phenomenon reveals that, as short ages occur, the longer the length of lead time is, the larger the amount of shortages is, the smaller the proportion of customers can wait and hence the smaller the backorder rate would be.
The above inventory models assumed that the quantity received is the same as the quantity ordered. But in real life circumstances, the quantity received may not match the quantity ordered due to various reasons such as damage or breakage during transportation, rejection during inspection, human errors in counting, transcribing, etc. In a recent paper, Kurdhi et al. [17] investigated continuous review inventory models involving service level constraint in which lead time, reorder point, ordering cost and order quantity are treated as decision variables and quantity received is uncertain. Priyan and Uthayakumar [18] explored a model in which the received quantity is uncertain. However, the safety factor, one key factor in inventory control policy, is not taken into account. Moreover, they assume the demand during lead time (DDLT) follow normal distribution. In most case, the distribution information of the lead time demand is very limited. In this paper, under the background of uncertain quantity received, we take safety factor into consideration and extend the DDLT from normal distribution to distribution free. However, the safety factor is not a decision variable in Priyan and Uthayakumar's [18] model.
In this paper, the lead time, safety factor, lost sales rate and order processing cost are decision variables. We minimize the expected annual total cost per unit time by simultaneously optimizing the order quantity, order processing cost, safety factor, backorder price discount, and lead time. We develop two inventory models with normal-distribution and distribution free DDLT under the background of uncertain quantity received. Furthermore, we provide numerical example to clarify the solution algorithm and to demonstrate the advantage of implementing the optimal inventory policy. Numerical results indicate that considerable cost savings could be realized through the optimal policy.
II. NOTATION AND ASSUMPTIONS
To model the problem, let first introduce the notation and assumptions of the model, part of which are adopt from Priyan [18] . 
A. Notations

r DL k L  
where k is the safety factor and satisfies () Pr X r q  , q represents the allowable stock-out probability during lead time and is given.
3. The reorder point r doesn't affect the ordering policy of this inventory system since the total cost of the inventory system is independent of reorder point r .
4. The lead-time crashing cost per order, () RL , is assumed to be an exponential function of L and is defined as 
III. MATHEMATICAL MODELS
Based on the above notations and assumptions, the expected annual total cost per cycle which is the sum of ordering cost, holding cost, stockout cost, and lead time crashing cost. Therefore, the retailer's total expected annual cost is given by ( , , ) (
where
is the expected number of shortages per
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This study considers the amount received is uncertain, that is, if a quantity Q is ordered each time, the quantity received will be Y which is a random variable with ( | )
Under the assumptions mentioned given before, the total cost per cycle with a variable lead time can be obtained as model (1) given that Y units are received is
Therefore, the expected total cost per cycle with variable lead time when the amount received is uncertain is
Moreover, the expected cycle time is
Hence, from (3) and (4) and (1) we obtain the expected annual total cost with variable lead time when the amount received is uncertain, denoted by
The relationship between ordering cost reduction and capital investment can be described by the logarithmic investment cost function. That is, ordering cost, A , and the capital investment in ordering cost reduction, 0 I , can be stated as:
Similarly, the relationship between lost sales,  , and capital investment in lost sales reduction, 1 I , is described by Xr . Hence, the expected shortages at the end of the cycle time is given by
and , are the standard normal probability density function and cumulative distribution function, respectively.
Hence, using (6) and r DL k L , (5) can be reduced to
Now our problem is to minimize the sum of the investment in ordering cost, lost sales rate reduction, and the inventory relevant costs as expressed in (7) 
The problem formulated in the previous section appears as a constrained non-linear programming problem. In order to solve this kind of nonlinear problem, we follow the similar procedure of most of the literature dealing with nonlinear problem. That is, first we temporarily ignore the constraints of 
For fixed ,, QA and k , (10) can be rewritten as:
Based on (11), the sign of ( ) 0 a bQ : 
Theoretically, for fixed Based on the convexity and concavity behavior of objective function with respect to the decision variables the following algorithm is developed to find the optimal values for the order quantity, ordering cost, lost sales and lead time.
Algorithm: 
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Denote the solution by ( , , , )
Step 1. A and   by 0  , to determine the corresponding optimal solution Q and k by a procedure similar to the one in step 1.
Step 4. Utilize (8) to calculate the corresponding expected annual total cost ( , ,
Step 5. Find 
B. Distribution Free Model
Now we consider the distribution free approach. Hence, a minimax distribution free procedure is applied to solving this problem.
( , , , , ) The following proposition is used to approximate the value of () E X r   . (21), we obtain the following inequality
Now using (3) and inequality (22), (20) ( , , , , )
On the other hand, we temporarily ignore the constraints 
For fixed ,, QA and k , (25) can be rewritten as:
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Based on (30), the sign of
determined by the value () a bQ  , and it is obvious that 0 b  . Since the trend of ( , , , , )
, similar normal distribution we discuss the sign of
in two cases:
bb LL  . In this case, the minimum expected annual total cost, ( , , , , ) [18] model to illustrate the effect of safety factor as a decision variable. The summarization of the comparison is shown in Table I-Table IV. In this world no one can accurately predict his customer demand in advance. Therefore, the assumptions of uncertain demand is might appropriate for all industries in this world.
A. Effects of Parameter on Optimal Solution
Additionally, when the demand is uncertain, reorder point becomes an important issue and its control leads to several benefits. Shorter lead time reduces the safety stock and the loss caused by stock-out, improves customer service level and increases the competitive advantage of business. Here we present the managerial implications of proposed model based on the numerical results and effect of model parameters. [18] when the safety factor was determined for 0.25 k  (see Table I - Table IV) .
1. Table I shows that when demand D increases, the expected total cost
2. In Table II , it is interesting to note that when holding cost h increases, the optimal lot size Q , ordering cost Table  IV ). 
B. Evaluation of Expected Value of Additional Information () EVAI
This amount is the expected value of additional information that the buyer would be willing to pay for the information regarding the nature of lead time demand distribution (see Table V ). 
V. CONCLUSION
In the real world, the retailer can't accurate prediction customer's demand, received quantity, etc., in advance. Therefore, the assumptions of uncertain demand and received quantity are might appropriate for all industries in this world. Additionally, the lead time, order received rate, safety factor and backorder play important roles in inventory control policy. A continuous review inventory model is developed to investigate the effects of the optimal solution, in which capital investment strategies in order processing cost and lost sales rate reduction are adopted in the uncertain demand. By analyzing the expected annual total cost, we develop algorithm to determine the optimal order quantity, ordering cost, backorder price discount, safety factor, lost sales rate and lead time simultaneously. The results of the numerical examples indicate that if we make decisions with the capital investment in reducing order processing cost, lost sales rate and offering backorder price discount to customers, it will help to lower the system cost. Therefore we can obtain a significant amount of savings to increase the competitive edge in business. Future research may consider multi items and permissible delay in payments and fuzzy demand in this model. It would be interesting to consider the procurement lead time as a random variable and discuss the effects in reducing lead time variability. Another possible extension of this work may be conducted by considering lead time dependent partial backlogging in this inventory model.
